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A B S T R A C T 

 
This paper presents a unified differential-

geometric treatment of warped product manifolds 

designed for explicit connection and curvature 

analysis. After establishing the manifold, tangent, 

metric, and covariant-derivative framework, the 

study formalizes Lie-derivative criteria for 

Killing, 2-Killing, and conformal vector fields 

and organizes the principal curvature invariants, 

namely Riemann, sectional, Ricci, and scalar 

curvature. A complete computation on the round 

unit sphere validates the framework by 

recovering the expected Levi-Civita structure, 

constant sectional curvature 1, Ricci tensor equal 

to the metric, and scalar curvature 2. Building on 

this foundation, the manuscript derives 

systematic Levi-Civita identities, Lie-derivative 

decompositions, and curvature formulas for 

singly warped, doubly warped, and sequential 

warped products. The resulting expressions 

isolate the roles of base and fibre geometry, 

Hessian terms, and warping-function gradients in 

pure and mixed curvature components. These 

results provide a consistent reference for layered 

warped geometries and support applications in 

geometric analysis, Einstein-type equations, and 

relativity-motivated geometric models 
                                       

© 2026 Modern Academy Ltd. All rights reserved

 

1. Introduction 

Differential geometry provides the intrinsic framework for analysing smooth spaces through 

coordinate-independent objects such as manifolds, tangent bundles, Riemannian metrics, and 
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affine connections. This framework is fundamental for defining geodesics, covariant 

differentiation, and curvature in a mathematically rigorous way [1-3]. Beyond pure mathematics, 

these structures are central to physical modelling, especially in relativity, where geometric 

invariants encode physical laws and the metric determines causal and dynamical behaviour [3,4]. 

Within this setting, warped product manifolds have become a major construction tool because they 

allow controlled coupling of two or more geometric factors through warping functions. The 

classical warped product formalism introduced by Bishop and O'Neill established how curvature 

and connection terms split between base and fibre components [5]. Later developments extended 

this framework to twisted and doubly warped models, enabling richer anisotropic geometries and 

broader pseudo-Riemannian applications [6-8]. Sequential warped products further generalize this 

idea by applying warping in multiple stages, producing layered curvature interactions that are 

useful in geometric analysis and Einstein-type modelling [9,10]. 

A related direction concerns geometric vector fields and metric deformations. In particular, Killing 

and 2-Killing structures provide symmetry constraints that connect Lie derivatives of the metric 

with conservation-type properties and geometric rigidity [11]. At the same time, Ricci and scalar 

curvature quantities remain central in global geometric analysis, comparison theorems, and 

curvature evolution problems [12,13]. These themes motivate a unified treatment in which local 

differential operators, symmetry conditions, and curvature decompositions are presented within 

one consistent notation. 

Motivated by these developments, this paper develops an integrated differential-geometric 

presentation that begins with manifold and connection preliminaries and then derives explicit 

formulas for Levi-Civita connection terms, Lie derivatives, and principal curvature tensors on 

singly warped, doubly warped, and sequential warped manifolds. The objective is to provide a 

coherent reference that clarifies how warping functions govern mixed and pure curvature 

components, while keeping the framework directly usable for geometric analysis and relativity-

oriented applications [5-9]. 

2. Differential Manifold 

Differential manifold theory extends calculus from Euclidean spaces to spaces that are locally 

Euclidean but may have nontrivial global geometry. Its central aim is to provide a 

rigorous local-to-global framework for smooth maps, curves, vector fields, and tensor fields 

[1,14,15,16,17]. 

Let 𝑛 ∈ ℕ and 

ℝ𝑛 = {(𝑝1, … , 𝑝𝑛): 𝑝𝑖 ∈ ℝ} 

For each 𝑖 = 1, … , 𝑛, define the canonical coordinate projection 𝑢𝑖: ℝ𝑛 → ℝ by 

𝑢𝑖(𝑝) = 𝑝𝑖, 𝑝 = (𝑝1, … , 𝑝𝑛) 

If 𝐵 is a topological space and 𝜑: 𝑈 → 𝜑(𝑈) ⊂ ℝ𝑛, we write 

𝜑 = (𝑥1, … , 𝑥𝑛), 𝑥𝑖 = 𝑢𝑖 ∘ 𝜑 

and call (𝑥1, … , 𝑥𝑛) the local coordinate functions on 𝑈.A coordinate chart on 𝐵 is a pair (𝑈, 𝜑) 

where 𝑈 ⊂ 𝐵 is open and 𝜑: 𝑈 → 𝜑(𝑈) ⊂ ℝ𝑛 is a homeomorphism onto an open subset of ℝ𝑛; 

the set 𝑈 is a coordinate neighbourhood (or coordinate patch). If (𝑈, 𝜑) and (𝑉, 𝜓) are two 𝑛-

dimensional charts with 𝑈 ∩ 𝑉 ≠ ∅, their transition maps 

𝜓 ∘ 𝜑−1: 𝜑(𝑈 ∩ 𝑉) → 𝜓(𝑈 ∩ 𝑉), 𝜑 ∘ 𝜓−1: 𝜓(𝑈 ∩ 𝑉) → 𝜑(𝑈 ∩ 𝑉) 

must be smooth. In this case, the charts are said to be smoothly compatible on the overlap. 

An atlas 𝒜 = {(𝑈𝛼, 𝜑𝛼)} on 𝐵 is a family of charts with ∪𝛼 𝑈𝛼 = 𝐵. The atlas is smooth when 
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every transition map 𝜑𝛽 ∘ 𝜑𝛼
−1 is 𝐶∞ on its domain. A smooth atlas is maximal if it contains every 

chart smoothly compatible with it. The overlap structure and transition maps are illustrated in 

Figure 1. 

 

Figure 1. Two overlapping coordinate neighbourhoods and transition maps. 

 

Throughout this paper, unless explicitly stated otherwise, 𝐵 denotes an 𝑛-dimensional manifold. 

An 𝑛-dimensional differential manifold is a pair ( 𝐵, 𝒜 ) such that: 

1. B is Hausdorff; 

2. B is second countable; 

3. 𝒜 = {(𝑈𝛼, 𝜑𝛼)} is a smooth atlas on 𝐵 with ⋃  𝛼 𝑈𝛼 = 𝐵, each 𝜑𝛼: 𝑈𝛼 → 𝜑𝛼(𝑈𝛼) ⊂ ℝ𝑛 a 

homeomorphism onto an open subset of ℝ𝑛, and all transition maps 𝜑𝛽 ∘ 𝜑𝛼
−1 smooth on 

overlaps. 
 

Since 𝐵 is locally homeomorphic to ℝ𝑛, it inherits local properties of Euclidean space, including 

local compactness and local connectedness. 

 

3. Tangent Space and Tangent Bundles 
 

Tangent vectors provide the infinitesimal framework that extends directional differentiation 

from ℝ𝑛 to smooth manifolds. In Euclidean space, derivatives encode both direction and rate of 

change; at a point 𝑝 ∈ 𝐵, elements of 𝑇𝑝𝐵 play the same role independently of coordinates. They 

act on smooth functions as derivations and represent velocities of smooth curves through 𝑝. This 

local linear structure is fundamental for vector fields, first-order differential operators, and 

geometric objects such as connections and curvature. 

Let 𝐵 be a smooth manifold. We denote by ℱ(𝐵) = 𝐶∞(𝐵) the set of all smooth real-valued 

functions on 𝐵. A function 𝑓: 𝐵 → ℝ is smooth when, for every chart (𝑈, 𝜑) on 𝐵, the coordinate 

expression 

𝑓 ∘ 𝜑−1: 𝜑(𝑈) → ℝ 
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is 𝐶∞ in the Euclidean sense. If 𝑓, 𝑔 ∈ ℱ(𝐵), then 𝑓 + 𝑔 ∈ ℱ(𝐵) and 𝑓𝑔 ∈ ℱ(𝐵). 

For regular surfaces in ℝ3, a tangent vector at 𝑝 is the velocity of a smooth curve passing through 

𝑝. The same interpretation extends to smooth manifolds: if 𝑐: (−𝜀, 𝜀) → 𝐵 with 𝑐(0) = 𝑝, then 𝑐 

determines a directional action on smooth functions through the derivative of 𝑓 ∘ 𝑐 at 0 . This 

geometric viewpoint motivates the intrinsic algebraic formulation below, which is independent of 

any embedding. 

A tangent vector at a point 𝑝 ∈ 𝐵 is a map 𝑋𝑝: ℱ(𝐵) → ℝ such that, for all 𝑓, 𝑔 ∈ ℱ(𝐵) and 𝑟, 𝑠 ∈

ℝ, 

𝑋𝑝(𝑟𝑓 + 𝑠𝑔) = 𝑟𝑋𝑝(𝑓) + 𝑠𝑋𝑝(𝑔) 

and 

𝑋𝑝(𝑓𝑔) = 𝑋𝑝(𝑓)𝑔(𝑝) + 𝑓(𝑝)𝑋𝑝(𝑔) 

For 𝑝 ∈ 𝐵, the tangent space at 𝑝 is the set 

𝑇𝑝𝐵 = {𝑋𝑝: ℱ(𝐵) → ℝ ∣ 𝑋𝑝 satisfies linearity and the Leibniz rule } 

With the operations 

(𝑋𝑝 + 𝑌𝑝)(𝑓) = 𝑋𝑝(𝑓) + 𝑌𝑝(𝑓), (𝜆𝑋𝑝)(𝑓) = 𝜆𝑋𝑝(𝑓) 

𝑇𝑝𝐵 is a real vector space. Its geometric interpretation at a point is shown in Figure 2. 

 

 

Figure 2. Tangent space 𝑇𝑝𝐵 at a point 𝑝 ∈ 𝐵. 

 

The tangent bundle of 𝐵 is the union of all tangent spaces; mathematically, it is given by the 

disjoint union 

𝑇𝐵 = ⨆  

𝑝∈𝐵

𝑇𝑝𝐵, 

equipped with the canonical projection 𝜋: 𝑇𝐵 → 𝐵, defined by 𝜋(𝑣) = 𝑝 for 𝑣 ∈ 𝑇𝑝𝐵. Thus each 

fiber is 

𝜋−1(𝑝) = 𝑇𝑝𝐵, 
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So 𝑇𝐵 is a rank- 𝑛 real vector bundle over 𝐵. It carries a natural smooth manifold structure of 

dimension 2𝑛. For a local chart (𝑈, 𝑥1, … , 𝑥𝑛) on 𝐵, the induced coordinates on 𝜋−1(𝑈) are 

𝑣 ↾⟶ (𝑥1(𝑝), … , 𝑥𝑛(𝑝), 𝑣(𝑥1), … , 𝑣(𝑥𝑛)) ∈ ℝ2𝑛, 𝑣 ∈ 𝑇𝑝𝐵. 

Hence, locally, 

𝜋−1(𝑈) ≅ 𝑈 × ℝ𝑛. 

On overlaps, the induced coordinate changes are smooth and linear in the fiber variables, with fiber 

transformation given by the Jacobian of the base coordinate change. 

After defining the tangent bundle, we turn to vector fields, which are fundamental in differential 

geometry and widely used in mechanics, fluid dynamics, and electromagnetism. In particular, 

electric fields are modelled by vector fields (for electrostatics, typically as gradient fields of scalar 

potentials). Common classes studied in geometry and applications include gradient, divergence-

free, Killing, and conformal vector fields. Mathematically, a vector field on 𝐵 is a section of the 

tangent bundle. 

A smooth vector field on 𝐵 is a smooth cross-section of the tangent bundle projection 𝜋: 𝑇𝐵 → 𝐵, 

that is, a smooth map 

𝑋: 𝐵 → 𝑇𝐵, 𝜋 ∘ 𝑋 = id𝐵 

The set of all smooth vector fields on 𝐵 is denoted by 𝔛(𝐵).In a local chart (𝑈, 𝑥1, … , 𝑥𝑛), write 

𝜕𝑖: =
𝜕

𝜕𝑥𝑖. For any smooth function 𝑓, one has 𝜕𝑖(𝑓) =
𝜕𝑓

𝜕𝑥𝑖, and every 𝑋 ∈ 𝔛(𝑈) has the unique 

form 

𝑋 = ∑  

𝑛

𝑖=1

𝑋𝑖𝜕𝑖 , 𝑋𝑖 = 𝑋(𝑥𝑖) 

A derivation on 𝐶∞(𝐵) is a map 𝐷: 𝐶∞(𝐵) → 𝐶∞(𝐵) such that 

𝐷(𝑎𝑓 + 𝑏𝑔) = 𝑎𝐷(𝑓) + 𝑏𝐷(𝑔), 𝐷(𝑓𝑔) = 𝐷(𝑓)𝑔 + 𝑓𝐷(𝑔), 

for all 𝑎, 𝑏 ∈ ℝ and 𝑓, 𝑔 ∈ 𝐶∞(𝐵). Each smooth vector field defines a derivation by 𝑓 ↦ 𝑋(𝑓), 

and conversely every derivation on 𝐶∞(𝐵) is induced by a unique smooth vector field. 

For 𝑋, 𝑌 ∈ 𝔛(𝐵), the Lie bracket is defined by 

[𝑋, 𝑌](𝑓) = 𝑋(𝑌(𝑓)) − 𝑌(𝑋(𝑓)), 𝑓 ∈ 𝐶∞(𝐵). 

This again defines a smooth vector field. In local coordinates, 

[𝑋, 𝑌] = (𝑋𝑖
𝜕𝑌𝑘

𝜕𝑥𝑖
− 𝑌𝑖

𝜕𝑋𝑘

𝜕𝑥𝑖
) 𝜕𝑘 

It is bilinear, skew-symmetric, and satisfies the Jacobi identity. For example, on ℝ2 with 

𝑋 = 𝑥
𝜕

𝜕𝑥
+ 𝑦

𝜕

𝜕𝑦
, 𝑌 = 𝑦

𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑦
, 

one obtains [𝑋, 𝑌] = 0. 

These constructions provide the local linear model used throughout differential geometry [7,9]. 
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To differentiate one vector field along another, one needs additional structure on 𝑇𝐵, 

namely a linear connection. This notion is fundamental for parallel transport, geodesics, and 

curvature, and it is therefore central in geometry and in physical models based on field equations. 

A linear connection on 𝐵 is a map 

∇: 𝔛(𝐵) × 𝔛(𝐵) → 𝔛(𝐵), (𝑋, 𝑌) ↦ ∇𝑋𝑌, 

such that for all 𝑋, 𝑌, 𝑍 ∈ 𝔛(𝐵) and 𝑓, 𝑔 ∈ 𝐶∞(𝐵) : 

∇𝑓𝑋+𝑔𝑌𝑍 = 𝑓∇𝑋𝑍 + 𝑔∇𝑌𝑍 (1)

∇𝑋(𝑌 + 𝑍)  = ∇𝑋𝑌 + ∇𝑋𝑍 (2)
∇𝑋(𝑓𝑌)  = 𝑋(𝑓)𝑌 + 𝑓∇𝑋𝑌 (3)

 

In local coordinates (𝑥1, … , 𝑥𝑛), it is determined by 

∇𝜕𝑖
𝜕𝑗 = Γ𝑖𝑗

𝑘𝜕𝑘 

where Γ𝑘 𝑖𝑗 are the connection coefficients.The coefficients Γ𝑘 𝑖𝑗 are called the Christoffel 

symbols of the connection ∇ in the coordinate system (𝑥1, … , 𝑥𝑛). They encode the local action 

of ∇ on the coordinate frame {𝜕𝑖}, and are smooth functions on the coordinate domain. Their 

values depend on the chosen coordinates and on the chosen connection. 

As a basic example, on ℝ𝑛 with standard coordinates, the canonical flat connection is given by 

Γ𝑘 𝑖𝑗 = 0, hence 

∇𝑋𝑌 = (𝑋𝑖
𝜕𝑌𝑘

𝜕𝑥𝑖
) 𝜕𝑘 

For this connection, parallel transport is path-independent, and geodesics are straight lines. 

 

4. The Metric of the Manifold 

 

A differentiable manifold carries a smooth structure, but this structure alone does not define 

intrinsic notions of length, angle, or distance. To measure these quantities on a curved 

space, one equips each tangent space with a bilinear pairing that varies smoothly from point to 

point. This additional structure is the metric, and it is the basis for geodesics, curvature, and 

volume. 

Let 𝑉 be a real vector space. A scalar product on 𝑉 is a symmetric non-degenerate bilinear form 

𝑏: 𝑉 × 𝑉 → ℝ 

With respect to a basis {𝑒𝑖}, it can be written as 𝑏(𝑢, 𝑣) = 𝑏𝑖𝑗𝑢𝑖𝑣𝑗, where (𝑏𝑖𝑗) is symmetric and 

invertible. If 𝑏(𝑣, 𝑣) > 0 for every 𝑣 ≠ 0, then 𝑏 is positive-definite and recovers the Euclidean 

inner-product model; if the signature is indefinite, it provides the algebraic model used in pseudo-

Riemannian geometry. 

Accordingly, a metric tensor on 𝐵 is a smooth assignment 𝑝 ↦ 𝑔𝑝, where each 

𝑔𝑝: 𝑇𝑝𝐵 × 𝑇𝑝𝐵 → ℝ 

is an inner product. For each 𝑝 ∈ 𝐵, 𝑋𝑝, 𝑌𝑝, 𝑍𝑝 ∈ 𝑇𝑝𝐵, and 𝑟 ∈ ℝ, the following properties hold: 
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1. (Symmetry) 𝑔𝑝(𝑋𝑝, 𝑌𝑝) = 𝑔𝑝(𝑌𝑝, 𝑋𝑝). 

2. (Bilinearity) 𝑔𝑝(𝑋𝑝 + 𝑌𝑝, 𝑍𝑝) = 𝑔𝑝(𝑋𝑝, 𝑍𝑝) + 𝑔𝑝(𝑌𝑝, 𝑍𝑝) and 𝑔𝑝(𝑟𝑋𝑝, 𝑌𝑝) =

𝑟𝑔𝑝(𝑋𝑝, 𝑌𝑝). 

3. (Positive-definiteness) 𝑔𝑝(𝑋𝑝, 𝑋𝑝) ≥ 0, with equality if and only if 𝑋𝑝 = 0. 

4. (Smoothness) If 𝑋, 𝑌 are 𝐶∞ vector fields on an open set 𝐴 ⊂ 𝐵, then 

𝑝 ↦ 𝑔𝑝(𝑋𝑝, 𝑌𝑝) 

Is a 𝐶∞ function on 𝐴. 

When each 𝑔𝑝 is positive-definite, (𝐵, 𝑔) is a Riemannian manifold. When 𝑔 is non-degenerate 

with constant indefinite signature (𝑘, 𝑛 − 𝑘), (𝐵, 𝑔) is pseudo-Riemannian; Lorentzian geometry 

is the important case 𝑘 = 1 used in spacetime models [ 3,18,119 ]. 

In local coordinates (𝑥1, … , 𝑥𝑛) : 

𝑔 = 𝑔𝑖𝑗𝑑𝑥𝑖 ⊗ 𝑑𝑥𝑗 , 𝑑𝑠2 = 𝑔𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗 (4) 

If ∇ is the Levi-Civita connection of 𝑔, then its Christoffel symbols are determined by the metric 

coefficients: 

Γ𝑖𝑗
𝑘 =

1

2
𝑔𝑘ℓ(𝜕𝑖𝑔𝑗ℓ + 𝜕𝑗𝑔𝑖ℓ − 𝜕ℓ𝑔𝑖𝑗) 

A connection ∇ on 𝑇𝐵 is called metric (or metric-compatible) if it preserves the metric under 

covariant differentiation, namely 

(∇𝑋𝑔)(𝑌, 𝑍) = 0, 𝑋, 𝑌, 𝑍 ∈ 𝔛(𝐵), 

equivalently, 

𝑋(𝑔(𝑌, 𝑍)) = 𝑔(∇𝑋𝑌, 𝑍) + 𝑔(𝑌, ∇𝑋𝑍). 

For a Riemannian manifold, the Levi-Civita connection is the unique torsion-free metric 

connection. 

The next section introduces the covariant derivative and its action on vector fields. 

 

5. Connections and Covariant Derivative  
 

On a smooth manifold, tangent spaces at different points are distinct, so the ordinary derivative 

of one vector field along another is not intrinsically defined. This motivates the covariant 

derivative, namely a connection 

∇: 𝔛(𝐵) × 𝔛(𝐵) → 𝔛(𝐵), (𝑋, 𝑌) ↦ ∇𝑋𝑌, 

which differentiates 𝑌 in the direction of 𝑋. A linear connection satisfies, for 𝑋, 𝑌, 𝑍 ∈ 𝔛(𝐵) and 

𝑓, 𝑔 ∈ 𝐶∞(𝐵), 

         

∇𝑓𝑋+𝑔𝑌𝑍  = 𝑓∇𝑋𝑍 + 𝑔∇𝑌𝑍  

                                               ∇𝑋(𝑌 + 𝑍)  = ∇𝑋𝑌 + ∇𝑋𝑍
∇𝑋(𝑓𝑌) = 𝑋(𝑓)𝑌 + 𝑓∇𝑋𝑌                                                               (5)
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Its torsion is 

𝑇(𝑋, 𝑌) = ∇𝑋𝑌 − ∇𝑌𝑋 − [𝑋, 𝑌]. 

The connection is called symmetric if 𝑇 = 0, equivalently ∇𝑋𝑌 − ∇𝑌𝑋 = [𝑋, 𝑌]. Thus, the laws of 

a linear connection are given by (5). The Levi-Civita connection is the unique linear connection 

satisfying, in addition, the two laws 

1. torsion-free: ∇𝑋𝑌 − ∇𝑌𝑋 = [𝑋, 𝑌]; 

2. metric-compatible: 𝑋(𝑔(𝑌, 𝑍)) = 𝑔(∇𝑋𝑌, 𝑍) + 𝑔(𝑌, ∇𝑋𝑍). 

for all 𝑋, 𝑌, 𝑍 ∈ 𝔛(𝐵)[1,9]. 

 

6. Curves and Vector Fields on the Manifolds  
 

The study of curves on manifolds is fundamental because curves provide the most direct way 

to examine local and global geometry. Through curves one defines velocity, acceleration, 

geodesics, length, and parallel transport, and one obtains a concrete link between intrinsic 

geometric structure and dynamical models on 𝐵[1,9]. 

Let 𝐼 ⊂ ℝ be an open interval. A (smooth) curve on 𝐵 is a smooth map 𝛾: 𝐼 → 𝐵. For each 𝑡 ∈ 𝐼, 

its velocity is a tangent vector 𝛾̇(𝑡) ∈ 𝑇𝛾(𝑡)𝐵, characterized by 

𝛾̇(𝑡)(𝑓) =
𝑑

𝑑𝑡
(𝑓 ∘ 𝛾)(𝑡), 𝑓 ∈ 𝐶∞(𝐵) 

Thus a curve assigns to each parameter value a point of 𝐵 together with a canonical tangent 

direction along its image. 

Among smooth curves, geodesics play a central role. They provide the intrinsic notion of straight 

motion on a manifold and are fundamental in geometric analysis, mechanics, and relativity. In 

Riemannian geometry they model locally length-minimizing trajectories, while in applications 

they are used in shortest-path problems, interpolation on manifolds, and geometric modelling 

[20,21]. 

Given a connection ∇ on 𝐵, a smooth curve 𝛾: 𝐼 → 𝐵 is called a geodesic when its velocity field is 

parallel along the curve, that is, 

∇𝛾̇𝛾̇ = 0. 

In local coordinates 𝑥𝑘(𝑡), this condition is equivalent to the geodesic system 

𝑑2𝑥𝑘

𝑑𝑡2
+ Γ𝑖𝑗

𝑘(𝑥(𝑡))
𝑑𝑥𝑖

𝑑𝑡

𝑑𝑥𝑗

𝑑𝑡
= 0, 𝑘 = 1, … , 𝑛 

On the unit sphere 

𝑆2 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑥2 + 𝑦2 + 𝑧2 = 1} 

a smooth curve is, for example, the latitude 

𝛾ℎ(𝑡) = (√1 − ℎ2cos 𝑡, √1 − ℎ2sin 𝑡, ℎ) , |ℎ| < 1. 
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This is a regular curve on 𝑆2; it is geodesic only in the case ℎ = 0 (the equator). A geodesic curve 

on 𝑆2 is any great circle. In explicit vector form, one may write 

𝜎(𝑡) = (cos 𝑡 sin 𝑡 0) 

which lies on 𝑆2 for all 𝑡. More generally, every great circle has the form 

𝜎(𝑡) = cos 𝑡𝑢 + sin 𝑡𝑣, 

where 𝑢, 𝑣 ∈ ℝ3 are orthonormal vectors. Hence 𝜎(𝑡) ∈ 𝑆2 for all 𝑡, and its image is 𝑆2 ∩
span{𝑢, 𝑣}, a great circle [20,21]. 

The study of vector fields on manifolds is equally fundamental, since a vector field assigns an 

infinitesimal direction at each point and therefore models flows, symmetries, transport phenomena, 

and dynamical systems on 𝐵. In both geometric analysis and applications, vector fields connect 

local differential structure with global behaviour through integral curves and induced 

transformations [20,21]. 

For a vector field 𝑋, the Lie derivative of the metric can be written in covariant-derivative form as 

(ℒ𝑋𝑔)(𝑌, 𝑍) = 𝑔(∇𝑌𝑋, 𝑍) + 𝑔(𝑌, ∇𝑍𝑋), 𝑌, 𝑍 ∈ 𝔛(𝐵), 

or equivalently in coordinates, 

(ℒ𝑋𝑔)𝑖𝑗 = ∇𝑖𝑋𝑗 + ∇𝑗𝑋𝑖. 

For a vector field 𝑋, the Lie derivative ℒ𝑋 describes the infinitesimal change of tensor fields along 

the flow generated by 𝑋; in particular, when applied to the metric tensor 𝑔, it provides a natural 

metric-compatibility criterion. The classes most relevant in this chapter are Killing, 2-Killing, and 

conformal vector fields, each determined by a metric-compatibility condition of Lie-derivative 

type [11,20]. In the remainder of this section, we define the principal classes of vector fields used 

in this chapter. 

1. Killing vector fields. A vector field 𝑋 ∈ 𝔛(𝐵) is Killing when it satisfies ℒ𝑋𝑔 = 0, 

meaning that the metric is preserved along the flow of 𝑋; therefore Killing fields generate 

local isometries and play a central role in geometric symmetry reduction and 

conservation laws [20,22]. 

2. 2-Killing vector fields. A vector field 𝑋 ∈ 𝔛(𝐵) is called 2-Killing when ℒ𝑋ℒ𝑋𝑔 = 0, 

which is a second-order metric-compatibility condition extending the Killing framework 

and appearing in recent studies of warped-product geometry and higher-order symmetry 

constraints [11]. 

3. Conformal vector fields. A vector field 𝑋 ∈ 𝔛(𝐵) is conformal when there exists 𝜙 ∈
𝐶∞(𝐵) such that ℒ𝑋𝑔 = 2𝜙𝑔; in this case the flow preserves angles while allowing local 

scaling, a property widely used in conformal geometry and geometric PDE [23,24]. 

 

7. Curvature and Its Principal Tensors 
 

Curvature is the central invariant measuring non-flatness. In applications, it controls geodesic 

focusing, comparison inequalities, and geometric evolution equations [12,20,25]. The four objects 

used below are hierarchically related: Riemann tensor, sectional curvature, Ricci tensor, and scalar 

curvature. 
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7.1. Riemann Curvature Tensor 

The Riemann tensor records the full local obstruction to commutation of covariant derivatives 

and generates the lower-order curvature invariants by contraction. 

The Riemann curvature tensor is the ( 1,3 )-tensor field 

𝑅: 𝔛(𝐵) × 𝔛(𝐵) × 𝔛(𝐵) → 𝔛(𝐵), 

defined by 

𝑅(𝑋, 𝑌)𝑍 = ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍 − ∇[𝑋,𝑌]𝑍. (6) 

This tensor underlies geometric PDE, Jacobi-field analysis, and curvature comparison theory [1,8]. 

7.2. Sectional Curvature 

Sectional curvature measures curvature on individual tangent 2-planes, so it is the direct 

higher-dimensional analogue of Gaussian curvature. It is used in comparison geometry and rigidity 

theory [20,25]. 

For a two-plane 𝜎 = span{𝑢, 𝑣} ⊂ 𝑇𝑝𝐵 with 𝑢, 𝑣 linearly independent, the sectional curvature is 

𝐾(𝜎) =
𝑔(𝑅(𝑢, 𝑣)𝑣, 𝑢)

𝑔(𝑢, 𝑢)𝑔(𝑣, 𝑣) − 𝑔(𝑢, 𝑣)2
(7) 

7.3. Ricci Curvature Tensor 

Ricci curvature is the average contraction of Riemann curvature and governs volume 

distortion along geodesic families. It plays a leading role in Ricci flow and global geometric 

analysis [12, 13]. 

The Ricci tensor is the trace of the Riemann tensor: 

Ric(𝑌, 𝑍) = tr(𝑋 ↦ 𝑅(𝑋, 𝑌)𝑍). (8) 

In physics, Ricci curvature appears directly in Einstein's equations [18]. 

7.4. Scalar Curvature 

Scalar curvature is the full metric trace of Ricci and provides a single averaged local curvature 

invariant. It is central in the Yamabe problem and conformal deformation theory [23, 24, 26]. 

The scalar curvature is the metric trace of Ricci: 

𝑆 = tr𝑔(Ric) = 𝑔𝑖𝑗Ric𝑖𝑗 (9) 

To illustrate these constructions concretely, we compute all objects on the unit sphere. the main 

ideas developed in the chapter through one standard model. The unit sphere provides a concrete 

setting in which the manifold structure, induced metric, Levi-Civita connection, and principal 

curvature quantities can all be computed explicitly. In a thesis context, such a worked example 

helps connect abstract definitions to verifiable calculations and geometric interpretation [2,20,25]. 
Consider 

𝑆2 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3: 𝑥2 + 𝑦2 + 𝑧2 = 1} 

Let 𝐹: ℝ3 → ℝ be defined by 𝐹(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2. Then 

𝑆2 = 𝐹−1(1) 
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Furthermore, 

∇𝐹(𝑥, 𝑦, 𝑧) = (2𝑥, 2𝑦, 2𝑧) ≠ 0  for every (𝑥, 𝑦, 𝑧) ∈ 𝑆2. 

Therefore 1 is a regular value of 𝐹. By the regular level-set theorem, 𝑆2 is a smooth manifold of 

dimension 2. Introduce local coordinates ( 𝑥1, 𝑥2 ) on the chart region 0 < 𝑥1 < 𝜋, 0 < 𝑥2 < 2𝜋 : 

𝑟(𝑥1, 𝑥2) = (sin 𝑥1cos 𝑥2, sin 𝑥1sin 𝑥2, cos 𝑥1). 

Differentiation gives: 

𝑟𝑥1
= (cos 𝑥1cos 𝑥2, cos 𝑥1sin 𝑥2, −sin 𝑥1), 𝑟𝑥2

= (−sin 𝑥1sin 𝑥2, sin 𝑥1cos 𝑥2, 0). 

With the Euclidean inner product in ℝ3 : 

𝑔11 = ⟨𝑟𝑥1
, 𝑟𝑥1

⟩ = 1, 𝑔12 = ⟨𝑟𝑥1
, 𝑟𝑥2

⟩ = 0, 𝑔22 = ⟨𝑟𝑥2
, 𝑟𝑥2

⟩ = sin2 𝑥1 

Hence the induced metric is 

𝑔 = 𝑑𝑥1
2 + sin2 𝑥1𝑑𝑥2

2 (10) 

The natural coordinate vector fields are 𝜕𝑥1
 and 𝜕𝑥2

. Because the coefficients of (10) are 

independent of 𝑥2, 

ℒ𝜕𝑥2
𝑔 = 0 

Thus 𝜕𝑥2
 is a Killing vector field and, in particular, a 2-Killing field. 

From (10), the nonzero metric components and inverse components are 

𝑔11 = 1, 𝑔22 = sin2 𝑥1, 𝑔11 = 1, 𝑔22 =
1

sin2 𝑥1
 

while the relevant derivatives are 

𝜕𝑥1
𝑔22 = 2sin 𝑥1cos 𝑥1, 𝜕𝑥2

𝑔11 = 0, 𝜕𝑥2
𝑔22 = 0 

Substitute these into the Levi-Civita formula 

Γ𝑖𝑗
𝑘 =

1

2
𝑔𝑘ℓ(𝜕𝑖𝑔𝑗ℓ + 𝜕𝑗𝑔𝑖ℓ − 𝜕ℓ𝑔𝑖𝑗) 

Then 

Γ22
1 =

1

2
𝑔11(−𝜕𝑥1

𝑔22) = −sin 𝑥1cos 𝑥1 

Γ12
2 =

1

2
𝑔22𝜕𝑥1

𝑔22 =
1

2

1

sin2 𝑥1

(2sin 𝑥1cos 𝑥1) = cot 𝑥1 

By the torsion-free symmetry of the Levi-Civita connection, 

Γ21
2 = Γ12

2  

and the remaining Christoffel symbols vanish. Therefore, 

Γ22
1 = −sin 𝑥1cos 𝑥1, Γ12

2 = Γ21
2 = cot 𝑥1 (11) 

The metric tensor has matrix form 
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(𝑔𝑖𝑗) = (
1 0
0 sin2 𝑥1

), 

with determinant det(𝑔) = sin2 𝑥1 > 0 for 0 < 𝑥1 < 𝜋. Hence the metric is positive-definite and 

( 𝑆2, 𝑔 ) is a Riemannian manifold. 

Using (6) together with (11), we compute 

𝑅212
1 = 𝜕𝑥1

Γ22
1 − 𝜕𝑥2

Γ12
1 + Γ1𝑚

1 Γ22
𝑚 − Γ2𝑚

1 Γ12
𝑚. 

Since Γ12
1 = 0 and Γ1𝑚

1 = 0, 

𝑅212
1 = 𝜕𝑥1

(−sin 𝑥1cos 𝑥1) − Γ22
1 Γ12

2 = (−cos2 𝑥1 + sin2 𝑥1) − (−sin 𝑥1cos 𝑥1)(cot 𝑥1) =

sin2 𝑥1. 

Therefore 

𝑅1212 = 𝑔11𝑅212
1 = sin2 𝑥1 

By (7), 

𝐾 =
𝑅1212

𝑔11𝑔22 − 𝑔12
2 =

sin2 𝑥1

1 ⋅ sin2 𝑥1
= 1 

Hence the sectional curvature is constant and equal to 1 . 

For the Ricci tensor, one obtains 

Ric11 = 1, Ric22 = sin2 𝑥1, 

so Ric = 𝑔. Finally, from (9), 

𝑆 = 𝑔𝑖𝑗Ric𝑖𝑗 = 1 +
1

sin2 𝑥1
sin2 𝑥1 = 2 

Consequently, the round unit sphere has constant positive sectional curvature, Ricci tensor equal 

to the metric tensor, and scalar curvature [2,20,25]. 

 

As the introduction refers above the warped constructions provide a direct mechanism for building 

metrics on product spaces while retaining analytic control of connection and curvature terms. This 

framework is central in Riemannian geometry, Lorentzian geometry, and geometric analysis, 

where explicit curvature identities are required for comparison results, Einstein-type equations, 

and flow problems [3,4,5,25,26,27]. Frequently used families include singly warped products, 

doubly warped products, multiply warped products, twisted products, and sequential warped 

products [5,7,8,9,10,28]. The present sections focus on the singly warped, doubly warped, and 

sequential warped constructions. 

For geometric analysis and relativity, these three types cover the standard one-step, two-factor, 

and two-stage warping mechanisms used in curvature computations and model construction 

[3,4,10,29]. 

Let (𝐵1, 𝑔1), (𝐵2, 𝑔2), and (𝐵3, 𝑔3) be connected smooth Riemannian manifolds with dimensions 

dim𝐵1 = 𝑝1, dim𝐵2 = 𝑝2, dim𝐵3 = 𝑝3. 
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For smooth positive functions 𝛼 ∈ 𝐶∞(𝐵1), ℎ ∈ 𝐶∞(𝐵2), and 𝛽 ∈ 𝐶∞(𝐵1 × 𝐵2), we use canonical 

lifts without changing notation. 

The following notation is fixed throughout the paper: 

• ∇, ∇𝑖, ∇𝑁 denote the Levi-Civita connections on 𝐵, 𝐵𝑖, 𝑁, respectively. 

• Rc, Rc𝑖 , 𝑟, 𝑟𝑖 denote Ricci and scalar curvatures. 

• 𝐻1
𝛼(𝑈1, 𝑉1) = 𝑔1(∇𝑈1

1 grad1𝛼, 𝑉1). 

• 𝐻2
ℎ(𝑈2, 𝑉2) = 𝑔2(∇𝑈2

2 grad2ℎ, 𝑉2). 

• 𝐻𝑁
𝛽

(𝑈, 𝑉) = 𝑔𝑁(∇𝑈
𝑁grad𝑁𝛽, 𝑉). 

Throughout the paper, unless explicitly stated otherwise, 𝐵 denotes the ambient manifold under 

consideration. Under the fixed notation of this paper, the three geometric models analyzed later 

are: 

1. Singly warped product on 𝐵1 × 𝐵2 with metric 

𝑔 = 𝑔1 ⊕ 𝛼2𝑔2, 𝛼 ∈ 𝐶∞(𝐵1), 𝛼 > 0. 

2. Doubly warped product on 𝐵1 × 𝐵2 with metric 

𝑔 = ℎ2𝑔1 ⊕ 𝛼2𝑔2, 𝛼 ∈ 𝐶∞(𝐵1), ℎ ∈ 𝐶∞(𝐵2), 𝛼, ℎ > 0. 

3. Sequential warped product on (𝐵1 ×𝛼 𝐵2) ×𝛽 𝐵3 with metric 

𝑔 = (𝑔1 ⊕ 𝛼2𝑔2) ⊕ 𝛽2𝑔3, 𝛽 ∈ 𝐶∞(𝐵1 × 𝐵2), 𝛽 > 0 

In each case, 𝑔 is a smooth Riemannian metric and therefore determines a unique Levi-Civita 

connection. 

8. Warped Product Manifold 

Let ( 𝐵1, 𝑔1 ) and ( 𝐵2, 𝑔2 ) be Riemannian manifolds, and let 𝛼 ∈ 𝐶∞(𝐵1) be positive. The 

warped product manifold is 

𝐵 = 𝐵1 ×𝛼 𝐵2 

with metric 

𝑔 = 𝑔1 ⊕ 𝛼2𝑔2. 

The singly warped product is a fundamental construction for generating metrics with controlled 

anisotropic scaling between base and fibre. It appears in radially structured geometric models, in 

cosmological and relativistic product-type space-times, and in geometric analysis on manifolds 

with separated variables [3,4,5,25]. In these settings, the Levi-Civita connection governs geodesic 

behaviour and covariant differentiation, the Lie derivative of the metric describes infinitesimal 

metric variation under flows, and the curvature tensors (Riemann, sectional, Ricci, and scalar) 

determine comparison properties and Einstein-type equations [9,26,27]. Accordingly, the 

following subsection begins with the linear connection and Levi-Civita connection formulas, 

which provide the basis for the subsequent Lie-derivative and curvature computations. 

8.1. Linear Connection and Levi-Civita Connection  

In applications of singly warped products, connection theory is essential for describing 

covariant differentiation, geodesic equations, transport, and curvature decomposition under 

warping [3,5,25]. For this reason, one first distinguishes a general linear connection from the Levi-

Civita connection determined by the metric. 
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The difference is the following: a linear connection is any connection satisfying linearity and 

Leibniz rules, whereas the Levi-Civita connection is the unique linear connection that is torsion-

free and metric-compatible with 𝑔[3,20,25]. 

For the singly warped product considered throughout this subsection, fix 

𝐵 = 𝐵1 ×𝛼 𝐵2, 𝑔 = 𝑔1 ⊕ 𝛼2𝑔2, 𝛼 ∈ 𝐶∞(𝐵1), 𝛼 > 0. 

A linear connection 𝐷 on 𝐵 satisfies, for lifted fields 𝑋𝑖, 𝑌𝑖, 𝑍𝑖 ∈ 𝔛(𝐵𝑖) and functions 𝑓𝑖 ∈
𝐶∞(𝐵𝑖)(𝑖 = 1,2,3), with 𝑎, 𝑏 ∈ ℝ, 

1. 𝐷𝑎𝑋𝑖+𝑏𝑌𝑖
𝑍𝑖 = 𝑎𝐷𝑋𝑖

𝑍𝑖 + 𝑏𝐷𝑌𝑖
𝑍𝑖, 

2. 𝐷𝑋𝑖
(𝑎𝑌𝑖 + 𝑏𝑍𝑖) = 𝑎𝐷𝑋𝑖

𝑌𝑖 + 𝑏𝐷𝑋𝑖
𝑍𝑖, 

3. 𝐷𝑓𝑖𝑋𝑖
𝑌𝑖 = 𝑓𝑖𝐷𝑋𝑖

𝑌𝑖, 

4. 𝐷𝑋𝑖
(𝑓𝑖𝑌𝑖) = 𝑋𝑖(𝑓𝑖)𝑌𝑖 + 𝑓𝑖𝐷𝑋𝑖

𝑌𝑖. 

The Levi-Civita connection ∇ is characterized by the laws (for 𝑋, 𝑌, 𝑍 ∈ 𝔛(𝐵) ) 

1. 𝑇∇(𝑋, 𝑌): = ∇𝑋𝑌 − ∇𝑌𝑋 − [𝑋, 𝑌] = 0, 

2. 𝑋(𝑔(𝑌, 𝑍)) = 𝑔(∇𝑋𝑌, 𝑍) + 𝑔(𝑌, ∇𝑋𝑍). 

 Under this fixed setup, for lifted fields 𝑈𝑖, 𝑉𝑖 ∈ 𝔛(𝐵𝑖), the non-zero components of the Levi-Civita 

connection on 

𝐵 = (𝐵1 ×𝛼 𝐵2) ×𝛽 𝐵3 

are given by 

∇𝑈1
𝑉1  = ∇𝑈1

1 𝑉1

∇𝑈1
𝑈2 = ∇𝑈2

𝑈1  = 𝑈1(ln 𝛼)𝑈2

∇𝑈2
𝑉2  = ∇𝑈2

2 𝑉2 − 𝛼𝑔2(𝑈2, 𝑉2)grad1𝛼

∇𝑈3
𝑈1 = ∇𝑈1

𝑈3  = 𝑈1(ln 𝛽)𝑈3

∇𝑈3
𝑈2 = ∇𝑈2

𝑈3  = 𝑈2(ln 𝛽)𝑈3

∇𝑈3
𝑉3  = ∇𝑈3

3 𝑉3 − 𝛽𝑔3(𝑈3, 𝑉3)grad𝑁𝛽

 

 

These identities determine the Levi-Civita connection on sequential warped products in adapted 

components [3,9,28]. 

These fixed data for a connection identity, provide the input for Lie-derivative computations. The 

next subsection presents the Lie derivative of the sequential warped metric. 

8.2. Lie Derivative of the Warped product manifold 

The Lie derivative of the warped metric is fundamental for describing infinitesimal metric 

variation along vector-field flows on warped products. It separates horizontal and vertical 

contributions and makes explicit the role of the warping function in deformation terms. This 

decomposition is used in geometric analysis, including symmetry conditions and evolution 

equations on warped spaces. The following proposition presents the Lie Derivative of the Warped 

Metric. 

Let 𝑉 = 𝑉1 + 𝑉2 ∈ 𝔛(𝐵) and 𝑋 = 𝑋1 + 𝑋2, 𝑌 = 𝑌1 + 𝑌2. Then 

(ℒ𝑉𝑔)(𝑋, 𝑌) = (ℒ𝑉1

1 𝑔1)(𝑋1, 𝑌1) + 𝛼2(ℒ𝑉2

2 𝑔2)(𝑋2, 𝑌2) + 2𝛼𝑉1(𝛼)𝑔2(𝑋2, 𝑌2)                        (12)  
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Formula (12) is the standard decomposition for infinitesimal metric variation on warped products 

[3,9,10]. 

The study of curvature tensors on warped product manifolds is essential for understanding how 

warping changes intrinsic and extrinsic geometric behaviour, including comparison estimates, 

Einstein-type conditions, and geometric evolution equations. The following subsections present 

the main types of curvature tensors on the warped product manifold. 

8.3. Riemann Curvature Tensor  

The Riemann curvature tensor is a fundamental geometric object that measures intrinsic 

curvature through the non-commutativity of covariant derivatives. On warped product manifolds, 

it is the key input for deriving sectional, Ricci, and scalar curvature formulas and for analyzing 

geodesic deviation and Einstein-type conditions. We now define it mathematically as follows: 

𝑅(𝑋, 𝑌)𝑍 = ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍 − ∇[𝑋,𝑌]𝑍 (13) 

From the equation of Riemann Curvature Tensor above, one obtains the standard component 

identities 

𝑅(𝑋1, 𝑌1)𝑍1 = 𝑅1(𝑋1, 𝑌1)𝑍1 (14)

𝑅(𝑋1, 𝑌2)𝑍1 = −
1

𝛼
𝐻1

𝛼(𝑋1, 𝑍1)𝑌2 (15)

𝑅(𝑋2, 𝑌2)𝑍2 = 𝑅2(𝑋2, 𝑌2)𝑍2 − ‖grad1𝛼‖1
2(𝑔2(𝑌2, 𝑍2)𝑋2 − 𝑔2(𝑋2, 𝑍2)𝑌2) (16)

 

And the following subsection is the Sectional Curvature tensor and its important. 

8.4. Sectional Curvature 

Sectional curvature is important on warped product manifolds because it measures curvature 

along each two-dimensional direction and shows how the warping function modifies horizontal, 

vertical, and mixed planes. It is a central tool for geometric comparison, geodesic behavior, and 

curvature-sign analysis. We can define it mathematically as follows: 

For a non-degenerate two-plane 𝜎 = span{𝑢, 𝑣} ⊂ 𝑇𝑞𝐵, 

𝐾(𝜎) =
𝑔(𝑅(𝑢, 𝑣)𝑣, 𝑢)

𝑔(𝑢, 𝑢)𝑔(𝑣, 𝑣) − 𝑔(𝑢, 𝑣)2
(17) 

Using (14)-(16), if 𝑢1, 𝑣1 ∈ 𝑇𝑥𝐵1 and 𝑢2, 𝑣2 ∈ 𝑇𝑦𝐵2, 

𝐾(span{𝑢1, 𝑣1})  = 𝐾1(span{𝑢1, 𝑣1}) (18)

𝐾(span{𝑢2, 𝑣2})  =
1

𝛼2
𝐾2(span{𝑢2, 𝑣2}) −

‖grad1𝛼‖1
2

𝛼2
(19)

𝐾(span{𝑢1, 𝑢2})  = −
𝐻1

𝛼(𝑢1, 𝑢1)

𝛼𝑔1(𝑢1, 𝑢1)
(20)

 

These are the classical sectional-curvature formulas for singly warped products [3,5]. 

In the following subsection, we discuss the Ricci Curvature Tensor. 

8.5. Ricci Curvature Tensor 

The Ricci curvature tensor is important on warped product manifolds because it captures 

averaged directional curvature and directly influences volume behaviour, comparison geometry, 

and geometric evolution. It is used in Einstein-type equations, Ricci-flow analysis, and stability 

studies in geometric and physical models. It can be mathematically defined as follows: 
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Tracing (15)-(17) yields 

Rc(𝑋1, 𝑌1) = Rc1(𝑋1, 𝑌1) −
𝑝2

𝛼
𝐻1

𝛼(𝑋1, 𝑌1), (21)

Rc(𝑋2, 𝑌2) = Rc2(𝑋2, 𝑌2) − (𝛼Δ1𝛼 + (𝑝2 − 1)‖grad1𝛼‖1
2)𝑔2(𝑋2, 𝑌2), (22)

Rc(𝑋1, 𝑌2) = 0. (23)

 

Formulas (21)-(23) are standard and are obtained by contraction in an adapted orthonormal frame 

[3, 25]. 

8.6. Scalar Curvature  

Scalar curvature is important on warped product manifolds because it summarizes total 

curvature at each point and provides a key invariant for global geometric analysis. Its applications 

include Einstein-type models, curvature comparison, and geometric evolution problems. It can be 

identified mathematically as follows: 

The scalar curvature 𝑟 = tr𝑔(Rc) satisfies 

𝑟 = 𝑟1 +
1

𝛼2
𝑟2 −

2𝑝2

𝛼
Δ1𝛼 −

𝑝2(𝑝2 − 1)

𝛼2
‖grad1𝛼‖1

2 (24) 

where 𝑟1 and 𝑟2 are the scalar curvatures of (𝐵1, 𝑔1) and (𝐵2, 𝑔2), respectively [3,5,25]. 

9. Doubly Warped Product Manifolds  

Let (𝐵1, 𝑔1) and (𝐵2, 𝑔2) be Riemannian manifolds, with positive functions 𝛼 ∈ 𝐶∞(𝐵1) and 

ℎ ∈ 𝐶∞(𝐵2). The doubly warped product manifold is 

𝐵 = 𝐵1 ×(𝛼,ℎ) 𝐵2 

with metric 

𝑔 = ℎ2𝑔1 ⊕ 𝛼2𝑔2 

For the sequel, set 

𝐵 = 𝐵1 ×(𝛼,ℎ) 𝐵2, 𝑔 = ℎ2𝑔1 ⊕ 𝛼2𝑔2, 

with 𝛼 ∈ 𝐶∞(𝐵1), ℎ ∈ 𝐶∞(𝐵2), and 𝛼, ℎ > 0. For 𝑋 = 𝑋1 + 𝑋2 and 𝑌 = 𝑌1 + 𝑌2, 

𝑔(𝑋, 𝑌) = ℎ2𝑔1(𝑋1, 𝑌1) + 𝛼2𝑔2(𝑋2, 𝑌2), 𝑔(𝑋1, 𝑌2) = 0. (25) 

Set 

𝐻1
𝛼(𝑈1, 𝑉1) = 𝑔1(∇𝑈1

1 grad1𝛼, 𝑉1), 𝐻2
ℎ(𝑈2, 𝑉2) = 𝑔2(∇𝑈2

2 grad2ℎ, 𝑉2). (26) 

Doubly warped metrics extend singly warped metrics and are treated through twisted and doubly 

warped constructions [3,7,8]. 

The doubly warped product is a natural extension of the singly warped case, where both factors 

are scaled and interact through two warping functions. This setting appears in geometric models 

with two-sided anisotropic deformation, where one needs explicit control of the Levi-Civita 

connection, Lie derivatives, and curvature tensors for analysis and applications [3,7,8,10]. 

Accordingly, the following subsection begins with the linear connection and Levi-Civita 

connection formulas that support the subsequent Lie-derivative and curvature computations. 
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9.1.  Linear Connection and Levi-Civita Connection  

In applications of doubly warped products, connection theory is essential for describing 

covariant differentiation, transport, and curvature decomposition under two warping functions [3, 

7, 8]. As in the singly warped case, one distinguishes a general linear connection from the Levi-

Civita connection determined by the metric. 

The distinction is the same: a linear connection satisfies linearity and Leibniz rules, while the Levi-

Civita connection is the unique connection that is torsion-free and metric-compatible with 

𝑔[3,20,25]. 

For the doubly warped product considered throughout this subsection, fix 

𝐵 = 𝐵1 ×(𝛼,ℎ) 𝐵2, 𝑔 = ℎ2𝑔1 ⊕ 𝛼2𝑔2, 𝛼 ∈ 𝐶∞(𝐵1), ℎ ∈ 𝐶∞(𝐵2), 𝛼, ℎ > 0. 

For lifted vector fields 𝑋 = 𝑋1 + 𝑋2 and 𝑌 = 𝑌1 + 𝑌2, where 𝑋𝑖, 𝑌𝑖 ∈ 𝔛(𝐵𝑖), we use the metric split 

in (2.14). 

A linear connection 𝐷 on 𝐵 satisfies, for lifted fields 𝑋𝑖, 𝑌𝑖, 𝑍𝑖 ∈ 𝔛(𝐵𝑖) and functions 𝑓𝑖 ∈
𝐶∞(𝐵𝑖)(𝑖 = 1,2), with 𝑎, 𝑏 ∈ ℝ, 

1. 𝐷𝑎𝑋𝑖+𝑏𝑌𝑖
𝑍𝑖 = 𝑎𝐷𝑋𝑖

𝑍𝑖 + 𝑏𝐷𝑌𝑖
𝑍𝑖, 

2. 𝐷𝑋𝑖
(𝑎𝑌𝑖 + 𝑏𝑍𝑖) = 𝑎𝐷𝑋𝑖

𝑌𝑖 + 𝑏𝐷𝑋𝑖
𝑍𝑖, 

3. 𝐷𝑓𝑖𝑋𝑖
𝑌𝑖 = 𝑓𝑖𝐷𝑋𝑖

𝑌𝑖, 

4. 𝐷𝑋𝑖
(𝑓𝑖𝑌𝑖) = 𝑋𝑖(𝑓𝑖)𝑌𝑖 + 𝑓𝑖𝐷𝑋𝑖

𝑌𝑖 

The Levi-Civita connection ∇ is characterized by the laws (for 𝑋, 𝑌, 𝑍 ∈ 𝔛(𝐵) ) 

1. 𝑇∇(𝑋, 𝑌): = ∇𝑋𝑌 − ∇𝑌𝑋 − [𝑋, 𝑌] = 0, 

2. 𝑋(𝑔(𝑌, 𝑍)) = 𝑔(∇𝑋𝑌, 𝑍) + 𝑔(𝑌, ∇𝑋𝑍). 

Under this fixed setup, for 𝑋𝑖, 𝑌𝑖 ∈ 𝔛(𝐵𝑖), 

∇𝑋1
𝑌1  = ∇𝑋1

1 𝑌1 − 𝑔(𝑋1, 𝑌1)grad(ln ℎ), (27)

∇𝑋2
𝑌2  = ∇𝑋2

2 𝑌2 − 𝑔(𝑋2, 𝑌2)grad(ln 𝛼), (28)

∇𝑋1
𝑌2 = ∇𝑌2

𝑋1  = 𝑋1(ln 𝛼)𝑌2 + 𝑌2(ln ℎ)𝑋1 (29)

 

For mixed components, testing against horizontal and vertical vectors gives the two terms in (29); 

torsion-freeness gives symmetry in 𝑋1, 𝑌2. 

Equations (27)-(29) are the basic Levi-Civita identities for doubly warped products [7,8]. 

9.2. Lie Derivative of the Doubly Warped Metric 

The Lie derivative of the doubly warped metric describes infinitesimal metric variation along 

flows when both warping functions are active. It separates horizontal and vertical blocks and 

makes explicit the deformation terms generated by 𝛼 and ℎ. The following formula gives the Lie 

derivative of the doubly warped metric. 

For 𝑉 = 𝑉1 + 𝑉2, direct differentiation of (2.14) gives 

(ℒ𝑉𝑔)(𝑋, 𝑌) =  ℎ2(ℒ𝑉1

1 𝑔1)(𝑋1, 𝑌1) + 𝛼2(ℒ𝑉2

2 𝑔2)(𝑋2, 𝑌2) + 2ℎ𝑉2(ℎ)𝑔1(𝑋1, 𝑌1) 

+2𝛼𝑉1(𝛼)𝑔2(𝑋2, 𝑌2)                                                                                                                            (30) 
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Equation (30) is the doubly warped analogue of (1) [7,8,9].The study of curvature tensors on 

doubly warped product manifolds is essential for understanding the combined effect of the two 

warping functions on geometric behaviour. The following subsections present the main types of 

curvature tensors on the doubly warped product manifold. 

9.3. Riemann Curvature Tensor 

The Riemann curvature tensor is fundamental for quantifying intrinsic curvature under two 

simultaneous warping effects. We now define it mathematically as follows: 

𝑅(𝑋, 𝑌)𝑍 = ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍 − ∇[𝑋,𝑌]𝑍 (31) 

From the above information, together with (27)-(29), the curvature splits into factor-curvature 

terms plus Hessian and gradient contributions of 𝛼 and ℎ. In adapted components, one has 

𝑅(𝑋1, 𝑌1)𝑍1 = 𝑅1(𝑋1, 𝑌1)𝑍1 − ‖grad2ℎ‖2
2(𝑔1(𝑌1, 𝑍1)𝑋1 − 𝑔1(𝑋1, 𝑍1)𝑌1), (32)

𝑅(𝑋2, 𝑌2)𝑍2 = 𝑅2(𝑋2, 𝑌2)𝑍2 − ‖grad1𝛼‖1
2(𝑔2(𝑌2, 𝑍2)𝑋2 − 𝑔2(𝑋2, 𝑍2)𝑌2), (33)

𝑅(𝑋2, 𝑋1)𝑌1 =
1

𝛼
𝐻1

𝛼(𝑋1, 𝑌1)𝑋2 +
𝑔1(𝑋1, 𝑌1)

ℎ
∇𝑋2

2 grad2ℎ, (34)

𝑅(𝑋1, 𝑋2)𝑌2 =
1

ℎ
𝐻2

ℎ(𝑋2, 𝑌2)𝑋1 +
𝑔2(𝑋2, 𝑌2)

𝛼
∇𝑋1

1 grad1𝛼. (35)

 

Thus pure 𝐵1 and pure 𝐵2 components are deformed by grad2ℎ and grad1𝛼, while mixed 

components are controlled by 𝐻1
𝛼 and 𝐻2

ℎ [7,8]. This decomposition is the starting point for 

sectional, Ricci, and scalar formulas below. 

The following subsection is the Sectional Curvature tensor. 

9.4. Sectional Curvature 

Sectional curvature is important on doubly warped product manifolds because it measures 

curvature on two-dimensional directions and reveals how the two warping functions modify 

horizontal, vertical, and mixed planes. We can define it mathematically as follows: 

𝐾(𝜎) =
𝑔(𝑅(𝑢, 𝑣)𝑣, 𝑢)

𝑔(𝑢, 𝑢)𝑔(𝑣, 𝑣) − 𝑔(𝑢, 𝑣)2
(36) 

Using (32)-(35), if 𝑢1, 𝑣1 ∈ 𝑇𝑥𝐵1 and 𝑢2, 𝑣2 ∈ 𝑇𝑦𝐵2, the sectional curvature in adapted planes has 

the form 

𝐾(span{𝑢1, 𝑣1}) =
1

ℎ2
𝐾1(span{𝑢1, 𝑣1}) −

‖grad2ℎ‖2
2

ℎ2
, (37)

𝐾(span{𝑢2, 𝑣2}) =
1

𝛼2
𝐾2(span{𝑢2, 𝑣2}) −

‖grad1𝛼‖1
2

𝛼2
, (38)

 

and mixed two-planes involve Hessian terms of both warping functions (equivalently, second 

derivatives of ln 𝛼 and ln ℎ ) [7,8]. 

In the following subsection, we discuss the Ricci Curvature Tensor. 

9.5. Ricci Curvature Tensor 

The Ricci curvature tensor is important in the doubly warped setting because it captures 

averaged curvature effects from both warped factors and directly enters comparison geometry and 

Einstein-type models. Its applications include geometric evolution equations, rigidity conditions, 

and stability analysis. Tracing (21)-(24) yields: 

Define 
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𝐴𝛼 =
Δ1𝛼

𝛼
+ (𝑝2 − 1)

‖grad1𝛼‖1
2

𝛼2
, 𝐴ℎ =

Δ2ℎ

ℎ
+ (𝑝1 − 1)

‖grad2ℎ‖2
2

ℎ2
. (39) 

Then the Ricci tensor in adapted components is 

Rc(𝑋1, 𝑌1) = Rc1(𝑋1, 𝑌1) −
𝑝2

𝛼
𝐻1

𝛼(𝑋1, 𝑌1) − 𝐴ℎ𝑔(𝑋1, 𝑌1), (40)

Rc(𝑋2, 𝑌2) = Rc2(𝑋2, 𝑌2) −
𝑝1

ℎ
𝐻2

ℎ(𝑋2, 𝑌2) − 𝐴𝛼𝑔(𝑋2, 𝑌2), (41)

Rc(𝑋1, 𝑌2) = (𝑝1 + 𝑝2 − 2)𝑋1(ln 𝛼)𝑌2(ln ℎ). (42)

 

The derivation follows by tracing the adapted curvature decomposition in an orthonormal frame 

of 𝑔[7,8]. 

In the following subsection, we discuss the Scalar Curvature. 

9.6. Scalar Curvature 

Scalar curvature is important on doubly warped product manifolds because it summarizes the 

total curvature contribution of both warping layers at each point. Its applications include global 

curvature estimates, Einstein-type equations, and geometric model comparison. The scalar 

curvature 𝑟 = tr𝑔(Rc) satisfies 

r =
1

ℎ2
𝑟1 +

1

𝛼2
𝑟2 −

2𝑝2

𝛼2

Δ1𝛼

𝛼
−

2𝑝1

ℎ2

Δ2ℎ

ℎ
−

𝑝2(𝑝2 − 1)

𝛼2

‖grad1𝛼‖1
2

𝛼2

−
𝑝1(𝑝1 − 1)

ℎ2

‖grad2ℎ‖2
2

ℎ2
                                                                                     (43) 

Thus scalar curvature is determined by the intrinsic scalar curvatures and the first and second 

derivatives of both warping functions [7,8]. 

10. Sequential Warped Product Manifolds  

Let 

𝑁 = 𝐵1 ×𝛼 𝐵2, 𝑔𝑁 = 𝑔1 ⊕ 𝛼2𝑔2, 

where 𝛼 ∈ 𝐶∞(𝐵1) is positive. Let 𝛽 ∈ 𝐶∞(𝑁) be positive. The sequential warped product 

manifold is 

𝐵 = 𝑁 ×𝛽 𝐵3 = (𝐵1 ×𝛼 𝐵2) ×𝛽 𝐵3 

with metric 

𝑔 = 𝑔𝑁 ⊕ 𝛽2𝑔3 

Set 

𝑁 = 𝐵1 ×𝛼 𝐵2, 𝑔𝑁 = 𝑔1 ⊕ 𝛼2𝑔2 

with 𝛼 ∈ 𝐶∞(𝐵1), and let 𝛽 ∈ 𝐶∞(𝑁), 𝛽 > 0. Define 

𝐵 = 𝑁 ×𝛽 𝐵3, 𝑔 = 𝑔𝑁 ⊕ 𝛽2𝑔3 

For 𝑋 ∈ 𝔛(𝐵), write 𝑋 = 𝑋1 + 𝑋2 + 𝑋3 with 𝑋𝑖 ∈ 𝔛(𝐵𝑖) lifted to 𝐵. Denote by ∇𝑁 the Levi-Civita 

connection of (𝑁, 𝑔𝑁)[3,9,10]. 
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The sequential warped product models two-stage geometric deformation: first on 𝑁 = 𝐵1 × 𝛼𝐵2, 

then on 𝐵 = 𝑁 ×  𝛽𝐵3. This structure is useful in applications where curvature and flow behavior 

are built layer [3,9,10]. Accordingly, the following subsection begins with the linear connection 

and Levi-Civita connection formulas that support the subsequent Lie-derivative and curvature 

computations. 

10.1. Linear Connection and Levi-Civita Connection 

In applications of sequential warped products, connection theory determines how 

differentiation and transport interact with the first and second warping stages. One again 

distinguishes a general linear connection from the Levi-Civita connection associated with the 

sequential metric. 

As before, a linear connection is characterized by linearity and Leibniz rules, while the Levi-Civita 

connection is uniquely torsion-free and metric-compatible [3,20,25]. 

For the sequential warped product considered throughout this subsection, fix 

𝑁 = 𝐵1 × 𝛼𝐵2, 𝑔𝑁 = 𝑔1 ⊕ 𝛼2𝑔2,

𝐵 = 𝑁 ×𝛽 𝐵3, 𝑔 = 𝑔𝑁 ⊕ 𝛽2𝑔3, 𝛼 ∈ 𝐶∞(𝐵1), 𝛽 ∈ 𝐶∞(𝑁), 𝛼, 𝛽 > 0.
 

For lifted vector fields 𝑋 = 𝑋1 + 𝑋2 + 𝑋3 and 𝑌 = 𝑌1 + 𝑌2 + 𝑌3, where 𝑋𝑖, 𝑌𝑖 ∈ 𝔛(𝐵𝑖), we use the 

sequential metric decomposition 𝑔 = 𝑔𝑁 ⊕ 𝛽2𝑔3. 

A linear connection 𝐷 on 𝐵 satisfies, for lifted fields 𝑋𝑖, 𝑌𝑖, 𝑍𝑖 ∈ 𝔛(𝐵𝑖) and functions 𝑓𝑖 ∈
𝐶∞(𝐵𝑖)(𝑖 = 1,2,3), with 𝑎, 𝑏 ∈ ℝ, 

1. 𝐷𝑎𝑋𝑖+𝑏𝑌𝑖
𝑍𝑖 = 𝑎𝐷𝑋𝑖

𝑍𝑖 + 𝑏𝐷𝑌𝑖
𝑍𝑖, 

2. 𝐷𝑋𝑖
(𝑎𝑌𝑖 + 𝑏𝑍𝑖) = 𝑎𝐷𝑋𝑖

𝑌𝑖 + 𝑏𝐷𝑋𝑖
𝑍𝑖, 

3. 𝐷𝑓𝑖𝑋𝑖
𝑌𝑖 = 𝑓𝑖𝐷𝑋𝑖

𝑌𝑖, 

4. 𝐷𝑋𝑖
(𝑓𝑖𝑌𝑖) = 𝑋𝑖(𝑓𝑖)𝑌𝑖 + 𝑓𝑖𝐷𝑋𝑖

𝑌𝑖. 

The Levi-Civita connection ∇ is characterized by the laws (for 𝑋, 𝑌, 𝑍 ∈ 𝔛(𝐵) ) 

1. 𝑇∇(𝑋, 𝑌): = ∇𝑋𝑌 − ∇𝑌𝑋 − [𝑋, 𝑌] = 0, 

2. 𝑋(𝑔(𝑌, 𝑍)) = 𝑔(∇𝑋𝑌, 𝑍) + 𝑔(𝑌, ∇𝑋𝑍). 

Under this fixed setup, for lifted fields 𝑈𝑖, 𝑉𝑖 ∈ 𝔛(𝐵𝑖), the non-zero components of the Levi-Civita 

connection on 

𝐵 = (𝐵1 ×𝛼 𝐵2) ×𝛽 𝐵3 

are given by 

∇𝑈1
𝑉1  = ∇𝑈1

1 𝑉1 (44)

∇𝑈1
𝑈2 = ∇𝑈2

𝑈1  = 𝑈1(ln 𝛼)𝑈2 (45)

∇𝑈2
𝑉2  = ∇𝑈2

2 𝑉2 − 𝛼𝑔2(𝑈2, 𝑉2)grad1𝛼 (46)

∇𝑈3
𝑈1 = ∇𝑈1

𝑈3  = 𝑈1(ln 𝛽)𝑈3 (47)

∇𝑈3
𝑈2 = ∇𝑈2

𝑈3  = 𝑈2(ln 𝛽)𝑈3 (48)

∇𝑈3
𝑉3  = ∇𝑈3

3 𝑉3 − 𝛽𝑔3(𝑈3, 𝑉3)grad𝑁𝛽 (49)

 

These identities determine the Levi-Civita connection on sequential warped products in adapted 

components [3,9,10]. 



Agha et. al/ The International Journal for Engineering and Modern Science- IJEMS 5 (2026) 26119 

 

The International Journal for Engineering and Modern Science  5 (2026) 26119        https://modernacademy-journal.synceg.net/                                             pg. 21 

10.2. Lie Derivative of the Doubly Warped Metric 

The Lie derivative of the sequential warped metric describes infinitesimal metric variation 

through the two-stage warping mechanism. It separates the contributions from 𝐵1, 𝐵2, and 𝐵3, and 

isolates the deformation terms from 𝛼 and 𝛽. The following formula gives the Lie derivative of 

the sequential metric. 

Let 𝑉 = 𝑉1 + 𝑉2 + 𝑉3, 𝑋 = 𝑋1 + 𝑋2 + 𝑋3, and 𝑌 = 𝑌1 + 𝑌2 + 𝑌3. Then 

(ℒ𝑉𝑔)(𝑋, 𝑌) =(ℒ𝑉1

1 𝑔1)(𝑋1, 𝑌1) + 𝛼2(ℒ𝑉2

2 𝑔2)(𝑋2, 𝑌2) + 2𝛼𝑉1(𝛼)𝑔2(𝑋2, 𝑌2)

 +𝛽2(ℒ𝑉3

3 𝑔3)(𝑋3, 𝑌3) + 2𝛽(𝑉1 + 𝑉2)(𝛽)𝑔3(𝑋3, 𝑌3)                                           
 

The formula follows by applying the Lie-derivative decomposition first on 𝑁, then on 𝐵 =
𝑁 ×  𝛽𝐵3[9,10]. 

The study of curvature tensors on sequential warped product manifolds is essential for tracking 

curvature transfer between the first and second warping stages. The following subsections present 

the main types of curvature tensors on the sequential warped product manifold. 

10.3. Riemann Curvature Tensor 

The Riemann curvature tensor is fundamental in the sequential setting because it records 

curvature interactions across the two warping levels. We now define it mathematically as follows: 

𝑅(𝑋, 𝑌)𝑍 = ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍 − ∇[𝑋,𝑌]𝑍. (50) 

The sequential structure yields a hierarchical decomposition as 

𝑅(𝑈, 𝑊)𝑍 = 𝑅𝑁(𝑈, 𝑊)𝑍, 𝑈, 𝑊, 𝑍 ∈ 𝔛(𝑁) (51)

𝑅(𝑈, 𝑋3)𝑊 = −
1

𝛽
𝐻𝑁

𝛽
(𝑈, 𝑊)𝑋3 (52)

𝑅(𝑋3, 𝑌3)𝑍3  = 𝑅3(𝑋3, 𝑌3)𝑍3 − ‖grad𝑁𝛽‖𝑁
2 (𝑔3(𝑌3, 𝑍3)𝑋3 − 𝑔3(𝑋3, 𝑍3)𝑌3) (53)

 

Here 𝐻𝑁
𝛽

 is the Hessian of 𝛽 on (𝑁, 𝑔𝑁) [3,9,10]. Hence The following subsection is the Sectional 

Curvature tensor. 

10.4. Sectional Curvature 

Sectional curvature is important on sequential warped product manifolds because it shows 

how curvature is modified first on 𝑁 and then on the final warped extension by 𝛽. We can define 

it mathematically as follows: 

𝐾(𝜎) =
𝑔(𝑅(𝑢, 𝑣)𝑣, 𝑢)

𝑔(𝑢, 𝑢)𝑔(𝑣, 𝑣) − 𝑔(𝑢, 𝑣)2
(54) 

Using (51)-(53), sectional curvature on 𝐵 follows: 

𝐾𝐵(𝜎 ⊂ 𝑇𝑁)  = 𝐾𝑁(𝜎) (55)

𝐾𝐵(𝜎 ⊂ 𝑇𝐵3)  =
1

𝛽2
𝐾3(𝜎) −

‖grad𝑁𝛽‖𝑁
2

𝛽2
, (56)

𝐾𝐵(span{𝑢, 𝑈3})  = −
𝐻𝑁

𝛽
(𝑢, 𝑢)

𝛽𝑔𝑁(𝑢, 𝑢)
. (57)

 

Accordingly, sequential warping modifies curvature in two stages: the first through 𝛼 on 𝑁, and 

the second through 𝛽 on 𝐵[3,10]. 
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In the following subsection, we discuss the Ricci Curvature Tensor. 

10.5. Ricci Curvature Tensor 

The Ricci curvature tensor is important in sequential warped products because it captures 

averaged curvature effects produced by both warping stages and links directly to geometric 

evolution and Einstein-type equations. Its applications include stability analysis, comparison 

geometry, and model classification. Let 𝑈, 𝑊 ∈ 𝔛(𝑁) and 𝑋3, 𝑌3 ∈ 𝔛(𝐵3). Tracing (41)-(43) 

yields 

Rc𝐵(𝑈, 𝑊)  = Rc𝑁(𝑈, 𝑊) −
𝑝3

𝛽
𝐻𝑁

𝛽
(𝑈, 𝑊) (58)

Rc𝐵(𝑋3, 𝑌3)  = Rc3(𝑋3, 𝑌3) − (𝛽Δ𝑁𝛽 + (𝑝3 − 1)‖grad𝑁𝛽‖𝑁
2 )𝑔3(𝑋3, 𝑌3) (59)

Rc𝐵(𝑈, 𝑋3)  = 0 (60)

 

Then substitute the warped formulas for Rc𝑁 from (22)-(24) to obtain explicit 𝐵1 and 𝐵2 

components [3,9,10]. 

Let 𝑈𝑖, 𝑉𝑖 ∈ 𝔛(𝐵𝑖) for 𝑖 = 1,2,3, and let 𝐻𝛽 denote the Hessian of 𝛽 on 𝑁 = 𝐵1 ×𝛼 𝐵2. In the 

adapted sequential decomposition, the non-zero components of Rc are 

Rc(𝑈1, 𝑉1) = Rc1(𝑈1, 𝑉1) −
𝑝2

𝛼
𝐻1

𝛼(𝑈1, 𝑉1) −
𝑝3

𝛽
𝐻𝛽(𝑈1, 𝑉1), (61)

Rc(𝑈2, 𝑉2) = Rc2(𝑈2, 𝑉2) − 𝛼2𝑔2(𝑈2, 𝑉2)𝛼⋆ −
𝑝3

𝛽
𝐻𝛽(𝑈2, 𝑉2), (62)

Rc(𝑈3, 𝑉3) = Rc3(𝑈3, 𝑉3) − 𝛽2𝑔3(𝑈3, 𝑉3)𝛽⋆, (63)

Rc(𝑈𝑖, 𝑉𝑗) = 0, 𝑖 ≠ 𝑗, (64)

 

where 

𝛼⋆ =
Δ1𝛼

𝛼
+ (𝑝2 − 1)

‖grad1𝛼‖1
2

𝛼2
, 𝛽⋆ =

Δ𝑁𝛽

𝛽
+ (𝑝1 + 𝑝2 − 1)

‖grad𝑁𝛽‖𝑁
2

𝛽2
. (65) 

These formulas are the explicit component form used in sequential warped product computations 

[9,10]. 

10.6. Scalar Curvature 

Scalar curvature is an important on sequential warped product manifolds because it aggregates 

the full curvature effect of the first and second warping layers into a single invariant. Its 

applications include global geometric estimates, Einstein-type model constraints, and comparative 

analysis of layered warped structures. The scalar curvature 𝑟𝐵 = tr𝑔(Rc𝐵) satisfies 

𝑟𝐵 = 𝑟𝑁 +
1

𝛽2
𝑟3 −

2𝑝3

𝛽
Δ𝑁𝛽 −

𝑝3(𝑝3 − 1)

𝛽2
‖grad𝑁𝛽‖𝑁

2 (66) 

Using (13) on 𝑁 = 𝐵1 ×𝛼 𝐵2, 

𝑟𝑁 = 𝑟1 +
1

𝛼2
𝑟2 −

2𝑝2

𝛼
Δ1𝛼 −

𝑝2(𝑝2 − 1)

𝛼2
‖grad1𝛼‖1

2 (67) 

Substitution of (57) into (56) yields 
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𝑟𝐵 =𝑟1 +
1

𝛼2
𝑟2 +

1

𝛽2
𝑟3 −

2𝑝2

𝛼
Δ1𝛼 −

𝑝2(𝑝2 − 1)

𝛼2
‖grad1𝛼‖1

2

 −
2𝑝3

𝛽
Δ𝑁𝛽 −

𝑝3(𝑝3 − 1)

𝛽2
‖grad𝑁𝛽‖𝑁

2 .                                                                                       (68)

 

This formula isolates the contribution of the first and second warping layers to scalar curvature 

[3,9,10]. 

 

11. Conclusion 

This paper develops a coherent differential-geometric framework that moves from smooth 

manifold foundations to the metric and connection structures required for covariant differentiation, 

Lie derivatives, geodesic analysis, and curvature invariants. The unit-sphere computation provides 

a concrete validation of the formal development, confirming the Levi-Civita formulas and 

recovering the expected constant positive sectional curvature, Ricci tensor, and scalar curvature. 

Building on this base, the manuscript derives consistent identities for singly warped, doubly 

warped, and sequential warped products, including explicit expressions for connection 

components, metric Lie derivatives, and sectional, Ricci, and scalar curvatures. These results offer 

a unified reference for layered warped geometries and clarify how warping functions govern 

curvature transfer across factors. The framework is therefore suitable for further applications in 

geometric analysis, Einstein-type models, and relativity-oriented constructions. 

 

ORCID iDs 

 

Salah  Agha        https://orcid.org/0009-0000-3020-4969 

Ahmed k.Elsherif       https://orcid.org/0000-0003-3303-1965     

Sameh Shenawy https://orcid.org/0000-0003-3548-4239                               

 

                          

Author Contributions: Salah Agha and Ahmed K. Elsherif; methodology, Salah Agha; 

validation, Salah Agha, Ahmed K. Elsherif and Alhaytham Aref; formal analysis, Salah Agha; 

investigation, Salah Agha; resources, Ahmed K. Elsherif; writing—original draft preparation, 

Salah Agha; writing—review and editing, Ahmed K. Elsherif, Alhaytham Aref and Sameh 

Shenawy; visualization, Salah Agha; supervision, Ahmed K. Elsherif and Sameh Shenawy; project 

administration, Ahmed K. Elsherif; funding acquisition, Sameh Shenawy. All authors have read 

and agreed to the published version of the manuscript. 

 

Funding: This research received no external funding. 

 

Data Availability Statement: All data generated or analyzed during this study are included in this 

published article. 

 

Conflicts of Interest: The authors declare no conflicts of interest. 

 

 

 

https://orcid.org/0009-0000-3020-4969
https://orcid.org/0000-0003-3303-1965
https://orcid.org/0000-0003-3548-4239


Agha et. al/ The International Journal for Engineering and Modern Science- IJEMS 5 (2026) 26119 

 

The International Journal for Engineering and Modern Science  5 (2026) 26119        https://modernacademy-journal.synceg.net/                                             pg. 24 

References 

[1] Lee, J. M. Introduction to Smooth Manifolds, 2nd ed. Springer, 2013. 

[2] do Carmo, M. P. Riemannian Geometry. Birkhauser, 1992. 

[3] O'Neill, B. Semi-Riemannian Geometry with Applications to Relativity. Academic Press, 

1983. 

[4] Wald, R. M. General Relativity. University of Chicago Press, 1984. 

[5] Bishop, R. L., and O'Neill, B. Manifolds of Negative Curvature. Transactions of the 

American Mathematical Society 145 (1969): 1-49. 

[6] Agha, S., M. Abozaid, and G. M. Abdel-Hamid. Enhanced Non-Linear UAV Guidance 

with Look-Ahead Vectors Utilizing Arc-Length Parameterized Paths. Proceedings of the 

International Conference on Mathematics and Engineering Physics, Vol. 10, No. 10, 

Military Technical College, 2024 

[7] Ponge, R., and Reckziegel, H. Twisted Products in Pseudo-Riemannian Geometry. 

Geometry and Topology of Submanifolds 1 (1993): 379-405. 

[8] Unal, B. Doubly Warped Products. Differential Geometry and its Applications 15(3) 

(2001): 253-263. 

[9] Shenawy, S. A Note on Sequential Warped Product Manifolds. Journal of Geometry and 

Physics 97 (2015): 112-121. 

[10] De, U. C., Shenawy, S., and Unal, B. Sequential Warped Product Manifolds. Filomat 

33(13) (2019): 4071-4083. 

[11] Blaga, A. M., and Ozgur, C. Killing and 2-Killing Vector Fields on Doubly Warped 

Products. Mathematics 11(24) (2023): 4983. 

[12] Hamilton, R. S. Three-manifolds with Positive Ricci Curvature. Journal of Differential 

Geometry 17(2) (1982): 255-306. 

[13] Cheeger, J., and Gromoll, D. The Splitting Theorem for Manifolds of Nonnegative Ricci 

Curvature. Journal of Differential Geometry 6(1) (1971): 119-128. 

[14] Kobayashi, Shoshichi, and Nomizu, Katsumi. Foundations of Differential Geometry, Vol. 

I. Interscience Publishers, 1963. 

[15] Besse, A. L. Einstein Manifolds. Springer, 1987. 

[16] Millman, Richard S., and Parker, George D. Elements of Differential Geometry. Prentice-

Hall, 1977. 

[17] Chen, Weihuan; Chern, Shiing-Shen; Lam, Kai S. Lectures on Differential Geometry. 

World Scientific, 1999. 

[18] Einstein, Albert. Die Grundlage der allgemeinen Relativitatstheorie. Annalen der Physik 

354(7) (1916): 769-822. 

[19] Foures-Bruhat, Yvonne. Theoreme d'existence pour certains systemes d'equations aux 

derivees partielles non lineaires. Acta Mathematica 88(1) (1952): 141-225. 

[20] Lee, John M. Riemannian Manifolds: An Introduction to Curvature. Springer, 1997. 

[21] Kobayashi, Shoshichi, and Nomizu, Katsumi. Foundations of Differential Geometry, Vol. 

I. Interscience Publishers, 1963. 

 

[22] Noether, Emmy. Invariante Variationsprobleme. Nachrichten von der Gesellschaft der 

Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse (1918): 235-257. 

[23] Aubin, Thierry. Equations differentielles non lineaires et probleme de Yamabe concernant 

la courbure scalaire. Journal de Mathematiques Pures et Appliquees 55 (1976): 269-296. 

[24] Petersen, Peter. Riemannian Geometry, 3 edition. Springer, 2016. 

[25] Schoen, Richard. Conformal Deformation of a Riemannian Metric to Constant Scalar 

Curvature. Journal of Differential Geometry 20(2) (1984): 479-495. 

[26] Yamabe, Hidehiko. On a Deformation of Riemannian Structures on Compact Manifolds. 

Osaka Mathematical Journal 12(1) (1960): 21-37. 

[27] Riemann, Bernhard. On the hypotheses which lie at the foundations of geometry. In A 

Source Book in Mathematics, edited by David E. Smith. Dover, 1959. 



Agha et. al/ The International Journal for Engineering and Modern Science- IJEMS 5 (2026) 26119 

 

The International Journal for Engineering and Modern Science  5 (2026) 26119        https://modernacademy-journal.synceg.net/                                             pg. 25 

[28] Riemann, Bernhard. Grundlagen fur eine allgemeine Theorie der Functionen einer 

veranderlichen complexen Grosse. Huth, 1851. 

[29] Hicks, Noel J. Notes on Differential Geometry. Van Nostrand, 1965. 

[30] Chow, B., and Knopf, D. The Ricci Flow: An Introduction. American Mathematical 

Society, 2004. 

 

 


